In this article we give a proof of Serre's conjecture for the case of odd level and arbitrary weight. Our proof does not depend on any generalization of Kisin's modularity lifting results to characteristic 2 (moreover, we will not consider at all characteristic 2 representations at any step of our proof). The key tool in the proof is Kisin's recent modularity lifting result, which is combined with the methods and results of previous articles on Serre's conjecture by Khare, Wintenberger, and the author, and modularity results of Schoof for semistable abelian varieties of small conductor. Assuming GRH, infinitely many cases of even level will also be proved.
Introduction
Let p > 2 be a prime, and letρ be an odd, irreducible, two-dimensional Galois representation with Serre's weight k and level N, with values in a finite field F of characteristic p. The "level", or "conductor", is defined as in [Se87] to be the prime-to-p part of the Artin conductor, see [Se87] for the definition of the weight. We will be mainly interested in the case of representations of odd level, although some cases of even level will also be considered, but only cases where ramification at 2 is semistable (in the sense of [Ri97] ). For suchρ, and in particular for all representations of odd level, we will prove Serre's modularity conjecture (assuming GRH in the cases of even level), i.e., we will prove thatρ is modular (cf. [Se87] ). As it is well-known, for a prime p given (by suitable twisting) it is enough to consider the case of k ≤ p + 1. In all steps of the proof, whenever a residual irreducible representation is considered, it will be tacitly assumed that such a twist is performed so that the weight satisfies this inequality.
In this article, as in previous articles proving special cases of Serre's conjecture, modularity is proved by "propagation", i.e., by applying the principle of "switching the residual characteristic" (originally applied in [Di07] and [KW04] to prove the first cases of Serre's conjecture) to reduce the problem to some other case of the conjecture already solved. This "switching principle" follows from a combination of three main results: -Existence of minimal lifts or lifts with prescribed properties ( [Di07] , [KW04] , [K05] , [KW06] ) -Existence of (strictly and strongly) compatible families ( [Di04] ), and -Modularity lifting resultsà la Wiles (Taylor-Wiles, Skinner-Wiles, Diamond, Savitt, Kisin) . At this point, the main "obstacle for propagation" is due to the technical conditions needed for the application of these modularity lifting results. Still, let us recall that in several cases, like the crystalline of small weight case (k < p, assuming that p = 2k − 3, or the representation is semistable), or weight 2 semistable case, it is known that by combining different modularity lifting results the lifting is modular without imposing any condition on the residual representation, just modularity or reducibility (cf. [Di03] for the weight 2 case and [DM03] , [K05] for higher weights).
By a suitable combination of "switchings", using mainly modularity lifting results of Kisin (cf. [Ki06c] ), we will show how the proof of the general odd level case can be reduced to the proof of the level 3 case, a case that we will reduce in turn to some modularity results of Schoof for semistable abelian varieties of small conductor. Also, some cases of even level will be solved assuming GRH. Since the most important step of the proof is the reduction to the level 3 case, let us point out that our method for doing so has little to do with "induction on the number of primes on the level", instead what we do is a proof by "reduction": via weight 2 lifts we "reduce" the proof to a case where ramification conditions are much better so that the result of Kisin can be applied and by a simple process of "iterated killing ramification" we end up in a case with just one prime in the level. The preparatory phase that precedes the killing ramification process is thus a key step. It is based on the observation that one can transfer ramification from the given set of primes in the level to other sets of sufficiently large primes, so by choosing special characteristics, for example primes that are pseudo Sophie Germain, one can gain full control on the type of ramification.
Remark 1: In May 2006 we devised this strategy to prove the odd conductor case of Serre's conjecture using [Ki06c] as main tool, and at the same time Khare-Wintenberger were completing a different proof of the odd case of Serre's conjecture which is independent of [Ki06c] : their proof uses previous modularity lifting results and it consists on a double induction on the level and the weight, so they need first to reduce the weight k to 2, then by killing ramification, i.e., switching to a prime in the level, they make the level smaller but the weight increases again, then again do weight reduction until arriving to k = 2, and so on. The problem is that in every weight reduction they do need to go down to weight k = 2 for their method to work, and in order to do so they need to work at several steps in characteristic 2. On the one hand, their strategy was deviced before May 2006 (this is the content of [KW06] ), but on the other hand, by May 2006 the modularity lifting results in characteristic 2 that they needed were not available. They proved such results later in a second part to their previous work ([KW08] , completed by the summer of 2008), thus making unconditional the proof given in [KW06] . Notice finally that together with the results of [Ki06c] and new results of Schoof, our proof incorporates the key trick of introducing a good-dihedral prime in the level, which is taken from [KW06] .
Remark 2: One of the special features of the proof presented in this paper is that it does not require modularity lifting theorems in characteristic 2. This can be particularly helpful when dealing with generalizations of Serre's conjecture to totally real number fields where 2 is ramified, such as Q( √ 2). Due to the fact that, together with the usual technical difficulties to work in characteristic 2, several modularity lifting results extend to totally real number fields but only with the assumption that the prime p is unramified, the possibility to avoid working in characteristic 2 may be key when proving cases of Serre's conjecture over these fields.
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Preliminary results
• Weight 2 lifts:
Letρ be a residual representation of weight k, odd level N, and odd characteristic p. Assume that k > 2, k < p, and the image ofρ is non-solvable.
At several steps of the proof we will need to consider for such aρ a p-adic "weight 2 minimal lift" ρ defined as in [KW06] , theorem 5.1(2), and to introduce ρ in a strongly compatible family (in the sense of [Ki06a] ) {ρ ℓ }.
Every representation in the family {ρ ℓ } with ℓ odd is unramified outside N and p (and, of course, ℓ), it is Barsotti-Tate if ℓ ∤ pN and potentially semistable of weight 2 or potentially Barsotti-Tate for any odd ℓ, and it has inertial Weil-Deligne parameter at p equal to (ω k−2 p ⊕ 1, 0) where ω p is the Teichmuller lift of the mod p cyclotomic character. In particular ρ p is potentially Barsotti-Tate (and Barsotti-Tate over a subextension of the cyclotomic field).
Since the proof of Theorem 5.1 is not given in [KW06] , let us explain how the existence of weight 2 minimal lifts is deduced. The existence of p-adic lifts of this type follows by the same strategy used in [Di07] and [KW04] for the construction of minimal lifts. A key point is to use the potential modularity results of Taylor (cf. [Ta02] and [Ta06] ) and base change to obtain a bound from above for the corresponding universal deformation ring given by a modular deformation ring (a ring that is known to be finite). For the case of minimal lifts of a semistable representation, this key result was obtained by the author and, independently, by Khare-Wintenberger. It follows from results of Boeckle (cf. [Bo03] ) that this suffices for a proof after checking that the local conditions are such that the corresponding restricted local deformation rings have the right dimension, i.e., the local "defects" ∆ ℓ are 0 for every prime ℓ (cf. [Bo03] ) so that dim R > 0 holds for the global universal deformation ring. The existence of a strictly compatible family satisfying good local properties containing such lift follows as in [Di04] (and due to results of T. Saito, the same argument also gives strong compatibility). In [Ki06a] the strategy of [Di07] and [KW04] is explained in detail in a generality which is enough for the case we are considering. In fact, corollary (4.3.1) of [Ki06a] [Ki06b] ) that for this type corollary (4.3.1) of [Ki06a] applies. Thus, the results of Boeckle and Kisin together with the upper bound deduced from potential modularity are enough to conclude, for an odd characteristic p > k, the existence of the weight 2 minimal lift (and the strongly compatible family containing it) as stated in [KW06] , theorem 5.1(2).
• Raising the level and good-dihedral primes:
Because of the technical conditions needed to apply Kisin's modularity lifting results, in the general case we need to assume that the residual representations that we encounter through the proof have non-solvable image. This is handled by a trick in [KW06] of adding some extra prime q to the level in order that all the representations that we encounter are "good dihedral at q" and thus have non-solvable image (cf. loc. cit., section 8.4 and section 6).
Remark: The possibility to introduce "extra ramification" follows from the existence of non-minimal p-adic lifts of certain type (non-minimal at q). Again, as in the case of minimal lifts (cf. [Di07] and [KW04] ) or weight 2 minimal lifts, the existence of such a lift (which mimics a result that is well-known for modular forms, namely, a case of "raising the level") follows by combining potential modularity (to obtain an upper bound for the corresponding universal deformation ring) with the results of Boeckle (to obtain a lower bound).
This way, after having "raised the level", we can assume that at each step we will encounter residual representations having a large prime q in the level such that q 2 | N with:ρ
where the character ψ has order t α , t | q + 1 an odd prime, with q and t sufficiently large. This ramification at q will be preserved in all the steps of the proof if the primes q and t are chosen as in the definition of good dihedral prime (ibid, Def. 2.1). As a matter of fact, we have to modify slightly the definition of good dihedral prime, because we want to work also in characteristics up to a certain bound B, a bound possibly larger than the weight and the primes in the level. Thus, to ensure that also in these characteristics the ramification at q is preserved we modify this definition as follows: i) assume t is greater than all prime factors of N (except q), greater than k, and greater than B. ii) assume that q ≡ 1 (mod 8), and q ≡ 1 (mod r) for every prime r up to the maximum of: the prime divisors of N different from q, k, and B.
Remark: this "modified" definition does not affect at all the proof of existence of such a q and t.
As in section 8.4 of [KW06] , at a large characteristic t we add the extra ramification at q in order to reduce the proof to representations being good dihedral at q. In all steps of the proof we will work in characteristics which are sufficiently small with respect to q and t, namely smaller than a certain bound B previously given. Thus, we know that all residual representations that we encounter maintain the good dihedral prime q in their levels and thus have non-solvable image.
Conclusion: we can assume that we start with a representation which is good dihedral at a (very large) prime q.
Kisin's new modularity lifting result
We will rely heavily on the modularity lifting result of Kisin in [Ki06c] . This result ensures that modularity is preserved in the "moves", if whenever we consider a lift of a residual modular representation, this lift is de Rham with Hodge-Tate weights {0, k − 1}, k ≥ 2, and the following conditions are satisfied: the residual image is not solvable, the lifting is (locally at p) semistable over an abelian extension of Q p , and the restriction of the mod p representation to the decomposition group at pρ| Dp is not isomorphic to an extension of 1 by the mod p cyclotomic character χ nor to a twist of such a representation. We will refer to this last condition as "condition (4)" (as in [Ki06c] ).
We include, for the reader's convenience, the following "road map" that describes schematically all the moves that we will do in the proof of Serre's conjecture for odd level.
Road Map of the proof
The proof consists of a series of reductions: by performing suitable moves we reduce the proof in each step to a simpler case.
Notation: • We will denote by S k (N) the truth of Serre's conjecture in the case of Serre's weight k and level N, for any characteristic p ≥ k − 1.
• We indicate the steps of the proof, i.e., the reductions, by a reverse implication:
P ⇐ P ′ meaning that the truth of the case P in the left hand side is reduced to the truth of the cases included in proposition P ′ on the right hand side.
With this notation, let us summarize the proof. N denotes an odd integer, k ≥ 2, and whenever we write a factor q 2 in the level this means that q is a good-dihedral prime. In sections 4 to 6 we give the following proof:
By the trick of Khare-Wintenberger already recalled, we have:
In section 4 we prove the following:
for a certain bound B = B(k, N).
In section 5 we prove:
Since the level 1 case was already solved in [K05] , it remains to deal with the level 3 case. In section 6 we prove:
Thus the proof is reduced to the cases of weight 2 and (semistable) levels 3, 15 and 21, and these cases follow in turn from results of R. Schoof.
Remark:
Step (3.2) decomposes as follows:
4 Iterated killing ramification: the Sophie Germain trick
The first step can roughly be described as follows: Killing ramification at primes in the level, one after the other (using minimal lifts to go from one to the other) we reduce to a case with just one prime in the level.
Since we need to ensure that modularity propagates well in all "moves" (i.e., every time that we switch the residual characteristic), we have to ensure that the conditions of "non-solvable residual image", "liftings are semistable over abelian extension of Q p " and Condition (4) needed to apply Kisin's result are satisfied (cf. [Ki06c] ). Thus, before starting the killing ramification process, we will perform two sets of moves, via weight 2 lifts, to reduce to a situation where these conditions are satisfied.
By adding extra ramification at a very large prime q in a suitable way (given by some character of very large order t), a trick of Khare and Wintenberger, as explained in a previous section as long as we work in characteristics smaller than a certain bound B all representations will be good-dihedral at q and will have non-solvable residual image.
Then, we have a residual representation such that the primes in the level (all odd) are:
of weight k in characteristic p such that for certain bound B larger than p, k and all the p i the prime q is a good dihedral prime with respect to B (the bound B should also be larger than the auxiliary primes b i and q i used during the proof).
First we transfer the ramification to r + 1 primes which are "pseudo Sophie Germain", namely, primes b i such that (b i − 1)/2 is an odd prime or the product of two odd primes. It is known that there are infinitely many such primes, and also that the odd prime factors of b i − 1 can be taken (both) arbitrarily large (cf. [Xi87] and [Co90] ). So we assume that both the primes b i and the odd prime factors of b i − 1 are larger than all the p i and than k.
We proceed to transfer ramification to these r + 1 primes, via weight 2 lifts: starting in characteristic p, take a minimal lift and move to characteristic b 1 , and reduce mod b 1 . Take a minimal weight 2 lift and move to characteristic p 1 , and reduce mod p 1 . Then take a minimal lift an move to characteristic b 2 , reduce mod b 2 , take a minimal weight 2 lift, move to p 2 , and so on, at the end we take a minimal weight 2 lift in characteristic b r+1 . Modularity is preserved in all these moves due to results of Kisin and SkinnerWiles (cf. [Ki04] and [SW01] ) in the potentially Barsotti-Tate or weight 2 semistable case (where here potentially means over any extension), and for crystalline representations of small weight by results of Diamond-Flach-Guo (cf. [DFG04] ). We have transfered the ramification at the p i to ramification at the b i introduced in the weight 2 lifts, given by characters ω
For each b i we move to the odd characteristics (one or two) dividing it, always via weight 2 families, so that in these characteristics we kill part of the ramification at b i : assume first that (b i − 1)/2 = a i is prime, then in characteristic a i the nebentypus ω
which is a character of order a i or 2a i (depending on the parity of k i ) either becomes a character of order 2, or the residual representation is unramified or semistable at
Using strong compatibility we conclude that we have reduced the proof to a case where each compatible family that we will consider is (the b i -adic member, locally at b i ) either semistable or quadratic-crystalline, i.e., such that it becomes crystalline when restricted to a quadratic extension. The primes b i must be chosen sufficiently distant from each other (in a sense to be specified in the next argument).
The second set of moves is performed to transfer all semistable ramification to potentially crystalline ramification. For each b i such that ramification at it is semistable, we choose a larger prime q i such that q i − 1 is divisible by 2 · (b i − 1). Then we start with a weight 2 family, we switch to characteristic b i and reduce mod b i (if this residual representation has weight 2 we have eliminated ramification at b i , if not we continue) and take a minimal crystalline lift, which has weight b i + 1, i.e., Hodge-Tate weights {0, b i }. We move to characteristic q i , reduce mod q i , and take a weight 2 lift, thus ramification at q i is given by the character ω
. Namely, we have transfered semistable ramification at b i into potentially crystalline ramification at q i , but most importantly, since the exponent b i − 1 divides the order q i − 1 of the character, ramification at q i is crystalline over a proper subfield of the cyclotomic field, a subfield F i such that the degree of the cyclotomic field over it grows with b i (*). At the end, both at those b j where ramification was quadratic-crystalline and at the q i just considered, we conclude that we have reduced to a case where ramification is always potentially crystalline, over a proper subfield F i of the cyclotomic field, as in (*). Just to ease the notation, let us rename the primes b j where ramification was quadratic crystalline also as q j . The primes b i were assumed to be sufficiently distant from each other so that we can "interpolate" the primes q i . To be more precise, the primes b i and q i should be taken in the following way: choose first b 1 and q 1 > b 1 , then b 2 >> q 1 and q 2 > b 2 , then b 3 >> q 2 and q 3 > b 3 , and so on (ex-cept for q j = b j in the quadratic crystalline case). It is obvious that we can choose pseudo Sophie Germain primes b i and primes q i with q i − 1 divisible by 2 · (b i − 1) satisfying these inequalities (just because there are infinitely many pseudo Sophie Germain primes and because of Dirichlet's theorem for primes in arithmetic progressions).
At this point, we are ready to perform iterated killing ramification to eliminate, one after the other, ramification at each of the primes in the level except for the very large good-dihedral prime q. Just one warning: this must be done in increasing order. So we begin with a weight 2 family and we move to q 1 , the smaller prime in the level, take the residual representation (and, as usual, twist to obtain minimal weight), then a minimal crystalline lift, move to q 2 , and so on. Whenever we switch to a prime in the level with a family of weight larger than 2, we have to check that condition (4) in Kisin's result is satisfied (in the weight 2 case the result of [Ki04] applies). Since ramification at each q i is potentially crystalline over a proper subfield F i of the cyclotomic field of index b i − 1 (as in (*)) or (b i − 1)/2 in the quadratic crystalline case (where b i = q i ), and we switch to characteristic q i with a family of weight at most q i−1 + 1, we see that condition (4) is satisfied because we have q i−1 << b i . More precisely, it is enough to require the following inequality: q i−1 < b i − 1 except for the quadratic crystalline case where b i = q i and we require q i−1 < (b i − 1)/2.
Let us explain this in more detail, for the reader's convenience: we have a potentially crystalline q i -adic representation ρ whose Hodge-Tate weights are 0 and k − 1 with k ≤ q i−1 + 1. This representation becomes crystalline over a subfield F i of the cyclotomic field of ramification degree over Q q i equal to e = (q i − 1)/(b i − 1) (which is by construction an even number) or e = 2 in the case q i = b i . Because of the above inequalities between q i−1 and b i in both cases we have:
In this situation, we can easily verify that Kisin's condition (4) is satisfied by considering the exponents of tame inertia on the restriction to F i of the (local at q i ) residual representation: if we call these exponents n 1 and n 2 these exponents are known to satisfy (cf. [Car06] ):
If we assume that we are in a case where the action of tame inertia at q i on ρ is given by the characters χ a , χ a+1 for some integer exponent a then we deduce that when considering the restriction of the residual representation to F i the action of tame inertia is also reducible and the exponents n 1 and n 2 are both divisible by e, so we have n 1 = e · t 1 and n 2 = e · t 2 , and t 1 , t 2 satisfy:
If we call d := (q i − 1)/e, which equals b i − 1 except in the case quadratic crystalline case where b i = q i , e = 2 and d = (b i − 1)/2, we have:
Congruence (iii) just says that the determinant ofρ is, locally at q i , equal to χ k+d−1 : this follows from the fact that ρ has determinant, locally at q i , equal
. Adding and subtracting equations (i) and (ii) and using (iii), we get (recall that d divides q i − 1):
Now, inequalities (**) on t 1 and t 2 and the fact that k−1 < d show that these two congruences are indeed equalities. Hence t 1 = k/2 − 1 and t 2 = k/2. Doubling (i), we obtain 2a ≡ k − 2 (mod 2d) and then combining with (iii), we finally get d ≡ 0 (mod 2d) since 2d divides q i − 1 (recall that we know that (q i − 1)/d = e is always even). This is a contradiction, so we conclude that Kisin's condition (4) holds.
The good-dihedral prime q is the only prime that remains at the end in the level, then the bound B such that q is good-dihedral with respect to this bound (see section 2) must be chosen larger than all primes b i and q i in the above construction, thus ensuring non-solvable residual image through the whole process. To be more precise: given a residual representation in characteristic p of odd conductor N and weight k, before starting the "iterated killing ramification" step one has to "precompute" the primes b i and q i defined as in the previous proof, then fix a bound B larger than all of them (thus in particular also larger than p, k and the prime factors of N) and add to the level a prime q that is good-dihedral with respect to this bound B. We have reduced the proof of all cases of odd level to the case: characteristic p, weight k, level q 2 , good dihedral at q, where k and the characteristic p are smaller that the bound B.
Reduction to the level 3 case
We need to prove modularity in the weight k, level q 2 case, good-dihedral at q (q a very large prime).
Weight reduction:
By applying Khare's weight reduction, i.e., the method of weight reduction used in [K05] to prove the level 1 case of Serre's conjecture, we are reduced to the cases k = 2, 4, 6. Let us explain that there is an extra weight reduction that can be done to reduce the case k = 6 to the cases k = 2 or 4. Recall that since we have the good-dihedral prime in the level residual images will be non-solvable. In this weight reduction the results of [Ki06c] are not used, instead, modularity is preserved due to the results in [Ki04] and [Ki05] , and those in [SW01] . The trick that we will apply is the same used with the pair of primes 3 and 2 in [KW06] to reduce the weight 4 case to the weight 2 case (but here we do not need 2-adic modularity lifting theorems since we do not work with p = 2): We start with a residual representation of weight 6, level q 2 , which is good-dihedral at a large prime q. We switch to characteristic 5, reduce mod 5 and consider a weight 2 lift, corresponding to an abelian variety with semistable reduction at 5 and conductor 5 · q 2 . Then we switch to characteristic 3, reduce mod 3 and here we observe that this mod 3 representation, since it is either unramified or has unipotent ramification at 5 (and in both cases we know that there is a lift with semistable ramification at 5, so in the unramified case the well-known necessary condition for raising the level at 5 is satisfied), and 3 | (5 + 1), admits a weight 2 lift where the ramification at 5 is no longer semistable but instead is given by a character of order 3. We obtain a lift of conductor 25 · q 2 : what we have just constructed is a non-minimal lift (it is not minimal at 5), having the same kind of ramification at 5 and at the good-dihedral prime q. We consider the strictly compatible family containing this 3-adic representation and we switch to characteristic 5. Using strict compatibility and the description of ramification at 5 (a character of order 3 | (5 + 1)) we see that the residual mod 5 representation will have (after suitable twist) Serre's weight equal to 2 or 4, but never 6, because locally at 5 it is irreducible, corresponding to the case of fundamental characters of order 2. This concludes the weight reduction. Now we take a minimal lift, switch to characteristic 3 and reduce mod 3. By considering a minimal lift (if k = 2) or a minimal weight 2 lift (if k = 4) we see that the proof is reduced to the case of weight 2 and level q 2 or 3q 2 , semistable at 3. Remark 1: We have used in the above proof minimal weight 2 lifts for the case of Serre's weight k = p + 1, these correspond to representations which are weight 2 semistable at p (cf. [K05] ). Remark 2: The modularity lifting result for a crystalline representation of weight k (i.e., of Hodge-Tate weights 0 and k −1) in characteristic p = k −1 is just a combination of the results of Skinner-Wiles in [SW01] , for the ordinary case, with the main theorem of [Ki05] , which works in the complementary case as follows from the description of crystalline non-ordinary representations given in [BLZ04] . It does not require any condition on the residual image (it can even be reducible, a case where modularity follows from the results in [SW99] ). Observe that in this situation the residual Serre's weight can be either k ′ = p + 1 or k ′ = 2 (cf. [BLZ04] ), in the above proof for simplicity we have always assumed that we are in the first case, which is the worst case, the second case leading (by a similar, yet simpler, argument) to the same conclusion.
Removing the good-dihedral prime: With this weight 2 family of conductor q 2 or 3q 2 we move to characteristic t (the order of the character describing ramification at q) and we consider the residual mod t representation. This is a very important point, so a few remarks before going on: -Remark 1: At this point we are losing the good-dihedral prime q. This means that this mod t representation and all residual representations in the next steps, may not have non-solvable image. So from now on we can not apply any longer the result of [Ki06c] . We will have to use (see, for example, Khare's proof of the level 1 case for a similar situation) other modularity lifting results. As already explained in the introduction (this is proved in [Di03] , [DM03] and [K05] ) in several cases this is known to work well (even if we have no information on the residual image, it can even be reducible): -semistable weight 2 lift -potentially Barsotti-Tate lift which is Barsotti-Tate over the cyclotomic extension -crystalline lift of weight k with k < p or k = p + 1 (for k = p + 1 either the lift is ordinary and the results of Skinner-Wiles in [SW99] and [SW01] apply or if not the result of Kisin in [Ki05] apply), assuming that p = 2k − 3 or the residual representation is semistable at all primes different from p. In all the steps that follow we will always be in one of the above situations, thus ensuring that modularity propagates. -Remark 2: When reducing mod t, given the information on the ramification at q of the family, there are two possibilities (this is also noticed in [KW06] ): the residual representation is either unramified or semistable (i.e., unipotent ramification) at q.
From now on, at each "move" the following remark applies: if the residual representation has solvable image (or reducible) then it is modular (or reducible) and also its lift is modular (because of the above remark 1). So the only case relevant is the case where the residual image is not solvable, which is the case we will consider. So, if the mod t representation is unramified at q, it will have k = 2 (the t-adic lift was Barsotti-Tate) and N = 3 (semistable), a case of Serre's conjecture already solved (cf. [Di07] , [KW04] ). Thus, the case that remains is the case: k = 2, N = 3q, semistable at both primes (the case k = 2, N = q has already been solved by Khare in [K05] ). Take a minimal lift (which corresponds to an abelian variety with semistable reduction at 3 and q) and move to characteristic q and reduce mod q. Since the residual weight will be either 2 or q + 1 we see that it only remains to solve the case k = q + 1, N = 3, semistable at 3, i.e., the "level 3 case".
Proof of the level 3 case
To conclude the proof, let us solve the level 3 case (semistable at 3). We apply Khare's weight reduction (as in [K05] ) and the proof is reduced to the cases: k = 2, 4, 6, N = 3 (semistable at 3). The case k = 2 is known, so we only have to consider the other two cases.
• Case k = 6, N = 3: Take a minimal lift and move to characteristic 5, and reduce mod 5. Since the case (k, N) = (2, 3) is known, we assume we are in the case (k, N) = (6, 3). Take a minimal weight 2 lift, it corresponds (as follows from the results of Taylor) to a semistable abelian variety with good reduction outside 3 and 5. By recent results of Schoof (cf. [Sc08] , see also [Sc05] for a similar result in the case of one single small prime of bad semistable reduction) such an abelian variety is known to be modular. This concludes the proof in this case.
• Case k = 4, N = 3: At this last step, we use a couple of Sophie Germain primes: 3 and 7. Move to characteristic 7, take a minimal weight 2 lift and move to characteristic 3. Ramification at 7 may not be eliminated when reducing mod 3, but clearly the character ω 2 7 , a character of order 3, trivializes over a finite field of characteristic 3. Therefore, the only possible ramification at 7 of this mod 3 representation is semistable (i.e., unipotent) ramification. Thus, we can have the following cases: (k, N) = (2, 1), (2, 7), (4, 1), (4, 7) (semistable at 7). The only case unknown is the last one (cf. [Di07] , [KW04] ), so assume that you do have ramification at 7 and weight 4. Take a minimal weight 2 lift: it corresponds to a semistable abelian variety with good reduction outside 3 and 7. Again, Schoof has proved that any such variety is modular, and we are done.
Remark: The case k = 6, N = 3 can also be treated using the Sophie Germain pair of primes 3 and 7 as above, and its truth can easily be reduced to modularity of semistable abelian varieties with good reduction outside 3 and 7. In particular we see that the result of Schoof for conductor 15 is not essential for us: we have enough with the result for the conductor 21 case.
Let us write the theorem we have proved, together with some well-known consequences (cf. [Se87] for the proof of the second consequence, and [Ri92] for the proof of the first consequence).
Theorem 6.1 Serre's conjecture is true for any odd, two-dimensional, irreducible Galois representation whose Serre's level is odd. Every abelian variety defined over Q of GL 2 type having good reduction at 2 is modular. Every rigid Calabi-Yau threefold defined over Q having good reduction at 2 is modular.
7 Final Remarks 7.1 On even levels a) There is one case of even level that can be proved: the case of level 6 (semistable) and weight 2. The method is the following: move to characteristic 3, then the residual mod 3 representation has conductor 2 and weight 2 or 4. For these two cases, Serre's conjecture has been proved by Moon and Taguchi (cf. [MT03] , they proved reducibility, of course) in characteristic 3, thus applying modularity lifting results (modularity of the semistable weight 2 deformation) the proof is complete. b) Assuming GRH, also the case of level 10 (semistable) and weight 2 is known: the minimal lift corresponds to a semistable abelian variety, which is modular by results of Calegari (assuming GRH, cf. [Ca04] ). Therefore, assuming GRH, we can also prove the following cases of Serre's conjecture: level 2p (semistable), p any odd prime, weight 2. The method is the following: move to characteristic p, then the proof is reduced to prove the case: level 2, weight k ≥ 2. Applying Khare's weight reduction, this can be solved for arbitrary weight assuming that some base cases are known: k = 2, 4, 6, N = 2. For k = 2, 4 this is known, thanks to the result of Moon and Taguchi. For k = 6, N = 2, we move to characteristic 5 and the residual mod 5 representation has a weight 2 lift corresponding to a semistable abelian variety of conductor (dividing) 10. Since assuming GRH such a variety is modular, we conclude the proof. As a corollary, it follows that any semistable abelian variety of GL 2 type with bad reduction only at 2 and an odd prime p is modular, assuming GRH.
Theorem 7.1 Assume the Generalized Riemann Hypothesis. Then Serre's conjecture is true for any odd, two-dimensional, irreducible Galois representation of Serre's weight 2 and semistable level 2p for any odd prime p (and the case p = 3 holds unconditionally, i.e., independently of GRH).
Every semistable abelian variety defined over Q of GL 2 type having bad reduction only at 2 and another prime p is modular.
Stronger versions of Kisin's results
According to the experts' opinion, the modularity lifting result of [Ki06c] should soon be improved, in particular it is expected that a proof of a stronger version without condition (4) should be given in the near future. It is an easy exercise to see that assuming that such a strong modularity lifting result holds our proof can be simplified, in particular the iterated killing ramification process in section 4. Also, the reduction to weights k = 2 and 4 at the beginning of section 5 can be obtained automatically by just switching to characteristic 3.
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